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Abstract—In this paper we analyse the transient condensation process of saturated vapor in contact with
one surface of a vertical thin plate, caused by a uniform cooling rate on the other surface of the plate,
applied at a time ¢ = 0. The effects of longitudinal and transversal heat conduction, as well as the thermal
inertia for the plate, are considered. The nondimensional governing equations are reduced to a system of
four partial differential equations with six nondimensional parameters. The transient evolution of the
condensed layer thickness and the temperature of the plate are obtained using different realistic limits,
including the cases of very good and poor conducting plates. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

Since the classical work of Nusselt [1], the theoretical
studies of laminar film condensation have received
considerable attention in the literature. By equating the
gravity and viscous forces, Nusselt obtained the con-
densed layer thickness of a saturated vapor in contact
with a vertical plate of uniform temperature, showing
good qualitative agreement with experimental obser-
vations for normal engineering fluids. In general, the
development in this area has been concentrated to
those investigations in which the relative importance
of the additional complicating factors is revealed. In
this sense, the natural convection condensation pro-
cess on vertical plates is not an exceptional case and
relevant analysis including inertia, convection and
shear stress effects at the condensate surface, shows
that the simple Nusselt results are surprisingly accu-
rate over a wide range of conditions. Particular con-
tribution on this issue comes from Rohsenow [2],
where he modified Nusselt’s analysis including the
energy convection in the heat balance equation. How-
ever, his analysis did not include the inertial forces in
a similar way, as was made by Bromley [3], by other
alternative procedures.

In an effort to obtain a better approximation, Spar-
row and Gregg [4], introducing a boundary layer
treatment and similarity transformations of the gov-
erning equations, showed numerically that the inertial
effects on heat transfer are not important if the Prandtl
number is larger or equal to 10, and was quite small
for even a Prandtl number of order unity. Later, Chen
[5] solved integral forms of the boundary layer equa-
tions by perturbations methods, including the retard-
ing effect of vapor shear stress on the condensate film.
A comparison of the results obtained by Sparrow et
al. [4] with those obtained by Chen [5] shows that the
influence of surface shear stress is negligible at higher

Prandtl numbers. In order to have a more accurate
influence of this effect, Koh et al. [6] incorporated the
interfacial shear stress through the use of sim-
ultaneous solution of the vapor and condensate
boundary layer equations and concluded that the
effect of the shear stress is only significant when the
condensation rate is sufficiently high. Similar results
were obtained by Rose [8], using a similarity approach
confirming the previous problem solved by Chen and
gave even more accurate expressions for the Nusselt
number. The state-of-the-art of the laminar film con-
densation on vertical plates and other condensing pro-
cesses can be found in ref. [7], and more recently in
refs [8] and [9]. The foregoing studies are particularly
applied to isothermal vertical plates, with known tem-
perature. However, theoretical studies of film con-
densation processes with non-isothermal conditions
have received little attention in the literature. In par-
ticular, Patankar and Sparrow [10] solved the problem
of condensation on an extended surface by con-
sidering the heat conduction in a fin coupled with the
condensation process. Their numerical solution of the
governing equations confirms the physical influence
of the non-isothermal extended surface over the con-
densing process. Subsequently, it was shown by Wil-
kins [11] that an explicit analytical solution is possible
for the formulation of Patankar and Sparrow [10]. A
main conclusion of this article is that the studies of
condensation on extended surfaces, using the classical
Nusselt analysis for an isothermal case, form a class
by themselves and an estimation of the surface area
requirements of the condenser is not appropriate. In
order to extend these particular cases with non-iso-
thermal conditions, Brouwers [12] performed recently
an analysis of the condensation of a pure saturated
vapor on a cooled channel plate, including the inter-
action between the cooling liquid, the condensate and
the vapor. His numerical results confirm that this
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h thickness of the plate

h latent heat of condensation

Ja Jakob number defined in equation (5)
L length of the plate

Pr Prandtl number, Pr = pc/2,

p.q  similarity variables defined in equation
(53)

A prescribed heat flux per unit length

q actual heat flux per unit length at the
liquid—vapor interface

S Strouhal number defined in equation
(17)

t time

too evolution time in physical units

tq characteristic time in the wall

transversal direction
tar characteristic time in the wall
longitudinal direction

t. characteristic evolution time for the
plate

L, characteristic residence time in the
condensed fluid

T temperature

T. characteristic temperature,
T, = ag.h/e’A,,
T, temperature of the saturated vapor
U, characteristic longitudinal velocity of
the condensed fluid
Cartesian coordinates
z nondimensional transversal
coordinate for the plate, z = y/h.

Greek symbols
o heat conduction parameter defined in
equation (12)

NOMENCLATURE
¢ specific heat r nondimensional mass flow rate defined
f nondimensional stream function, in equation (28)
defined in equation (21) ¥ nondimensional parameter defined in
acceleration of gravity equation (4)
A nondimensional thickness of the

condensed layer, A = 3(y, 1) /..
A nondimensional thickness of the

condensed layer at the lower edge
o thickness of the condensed layer
Ot  thickness of the steady-state

condensed layer at y = 1,

O = L(Jafp)™*

n nondimensional transversal
coordinate, # = y/6¢,

& aspect ratio of the plate, e = A/L

A thermal conductivity

W dynamic viscosity of the condensed
fluid

v kinematic coefficient of viscosity of the
condensed fluid

p density

% nondimensional longitudinal
coordinate, ¥ = x/L

T nondimensional time,

T = At [(L2pycot)

Too nondimensional evolution time

0 nondimensional temperature of the
condensed fluid, 6 =(T,—T)/T,

0, nondimensional temperature of the
plate, 8, =(T,—T,)/T..

Subscripts
0 initial conditions
0 steady-state conditions
f conditions at the lower edge of the
plate
1 conditions at the condensed fluid
w conditions at the wall

7]

conditions at the saturated vapor.

interaction has to be taken into account in order to
have more realistic models in this type of process.

In relation with transient condensation process
Sparrow and Siegel [13] studied the vertical laminar-
film condensation for a sudden drop in wall tempera-
ture. They used the method of characteristics to obtain
a closed form solution. Chung [14] used a per-
turbation analysis to extend Sparrow and Siegel’s
work [13] including nonlinear temperature and non-
parabolic velocity profiles. In both works a change in
temperature at the surface facing the saturated vapor
was assumed. More recently Reed et al. [15] studied
numerically the same problem, but included the com-
plete energy and momentum equations for the con-
densed fluid, as well as interfacial shear stresses. In

this work the transient terms arise from changing con-
ditions in the vapor. In all of these works, the thermal
inertia of the wall was not considered.

The main objective of this paper is to analyse, using
asymptotic as well as numerical methods, the transient
laminar film condensation process on a nonisothermal
vertical flat plate with finite thermal conductivity and
capacity. In most realistic cases, the thermal inertia of
the wall where the condensation process is taking
place, represents the limiting factor of the transient
process. The wall energy governing equation is
coupled with the condensing process at one vertical
face of the flat plate, whereas the flat plate is cooled
with a known constant external flux ¢, at the other
vertical face, which is applied at time 7 = 0.
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2. ORDER OF MAGNITUDE ESTIMATES

The physical model under study is shown in Fig. 1.
A thin vertical plate with an initial temperature 7,
length L and thickness #, is placed to its right in a
stagnant atmosphere filled with saturated vapor with
a temperature 7. Its upper right corner coincides with
the origin of a Cartesian coordinate system whose y
axis points in the direction normal to the plate and its
x axis points down in the plate’s longitudinal direc-
tion, that is in the direction of gravity. At time ¢ = 0,
a known heat flux per unit length, ¢., is applied from
the other surface of the plate. A thin transient con-
densed layer develops with increasing thickness down-
stream falling by gravity. The density of the condensed
fluid, p,, is assumed to be constant and much larger
than the vapor density. An order of magnitude analy-
sis gives that the condensed fluid longitudinal velocity
is of the order,

" ~‘£62(x, 0, 1)
/|

where 5(x, ) is the condensed layer thickness, g is
the acceleration of gravity and v, corresponds to the
kinematic coefficient of viscosity (= /p,). An overall
condensed mass balance gives then the following
relationship [13]:

oL poL

+pu.d. 2
g : 14 (2)

The first term at the right hand side corresponds to
the accumulation term, while the second term cor-
responds to the mass outflow. Here ¢ is the charac-
teristic time of the condensed film formation, #j,
denotes the latent heat of condensation and g, is the
actual heat flux per unit surface at the condensed
liquid-vapor interface, ¢, = 4,0T/dy|,, where 4, cor-
responds to the thermal conductivity of the condensed
fluid. From the final steady-state (¢, — ¢. for t > o)
relationships (1) and (2), we obtain that the thickness
of the condensed layer related to the length of the
plate is given by

y

Saturated vapor
Ts

Fig. 1. Schematic diagram of the studied physical model.
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where y is the still unnamed nondimensional par-
ameter [16]

_sl’

vi

V4 4)
and Ja corresponds to the appropriate Jakob number
and represents the ratio of the sensible heat energy
absorbed by the liquid to the latent heat of the liquid
during condensation, defined by

3 eLl,’4 4/3 )
Ja = (p hqg'/“v_"z) _ )
t7Hfg,

A boundary layer for the condensed film is obtained
in the limit Ja/y — 0, which is the case analysed in
this work. The non-dimensional velocity or Reynolds
number, Re = u.L/v,, associated to the condensation
process, is of the order of Re = O(yJa)"”. The con-
densed fluid velocity is then of order

U, ~ m. (6)

Using the order of magnitude estimate (3), from
relation (2) we obtain the order of magnitude of the
characteristic time for the condensed film evolution,
4, as

L L

~;§~ (7

L ela’
which is exactly the same as the residence time in the
condensed film L/u. We will assume for simplicity
that both edges of the plate are adiabatic. However,
other boundary conditions could be assumed without
difficulty. Therefore, the global heat flux difference
between both surfaces is related to the accumulation
term as

pwcwh(TwO - Twoo)

e —4q n , (8)
and also
24, AT,

In these relationships, p,, ¢, and 4,, represent the
density, specific heat and thermal conductivity of the
wall material. AT, is the characteristic transversal
temperature drop at the wall; T, corresponds to an
average value of the wall temperature for 1 — oo, and
t. is the evolution time of the transient process. For
large values of ¢, the total temperature change is then
AT, ~ AT+ AT, where AT, is the characteristic
temperature drop in the transversal direction for the
condensed fluid. The steady state version of the
relationships (8) and (9) is
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"{l ATloc _ ;“WATwoc

go=q="5 =2 (10)

Therefore, the relative temperature drop trans-
versally on the plate is given by

AT,. ]
AT,  14afe?

(in

Here, ¢ is the aspect ratio of the plate given by
e = h/L « 1 and « is the heat conduction parameter
which corresponds to the ratio of the heat conducted
longitudinally by the plate to the heat convected from
the condensed fluid and is defined by

Auh(Ja\'"*
a=—1—] .

LL(y)
For values of «/¢* » 1, the transversal temperature
variations in the plate are very small, of order ¢*/x at
most. This represents the thermally thin wall limit,
where the transversal temperature variations are neg-
ligible compared with the overall temperature drop,
AT,.Onthe contrary, for values of /e of order unity,
most of the transversal temperature drop occurs in

the solid. This is the thermally thick wall limit. The
global temperature change is then

A
AT, ~ qf (1 + 1).

w 82

(12)

(13)

Thus, the final value of the temperature at the
middle plane of the plate can be written as

AT, gh(3 «o
Tuw ~ T=AT. = =5 ~ T,— 75 (2 + 82).

(14)

From the order of magnitude estimates (14) and
(8), we obtain the order of magnitude for ¢, as

Tw—T, h{3 «
te ~ /’lpwcw|:——qe—' + Aw<2 + 82)} (15)

We will assume, without any loss in generality, that
the initial temperature of the plate corresponds to the
temperature of the saturated vapor, T, = T,. There-

fore
3
Ie~ 1y §+8*2 s

where 14 is the wall diffusion time in the transversal
direction, 4 ~ K*p.cw/A.. The corresponding wall
diffusion time in the longitudinal direction is
ta, ~ L*pycy/A,. For large values of z./z4, the tem-
perature of the wall in the transversal direction
becomes uniform very rapidly and then the thermally
thin wall approximation can be used. In this case,
the temperature of the wall depends mainly on the
longitudinal coordinate and time and is justified for
/e’ > 1. For large values of 1./t , the temperature of

(16)
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the wall becomes uniform spatially very rapid, thus
depending exclusively on time. This ratio is given by
t/ts ~ a. For values of « of order unity or larger, the
longitudinal heat conduction is very important and
has to be retained in the analysis. However, for very
small values of a, compared with unity, the longi-
tudinal heat conduction is unable to compete with the
heat convection and ceases to be important.

The ratio of the characteristic residence time in the
condensed fluid # to the solid evolution time, £,
represents an important parameter denoted by the
Strouhal number, S defined by

t L i,
gt [L_ A
t. gla [Pp,c.a

For S « 1, the condensed film can be treated as
quasi-steady and the limiting factor corresponds to
the thermal inertia of the wall. On the other hand, for
S > 1, the wall can be assumed to be quasi-steady
and the process is controlled by the condensed film
production.

In this paper, we will study the case Ja « 1, which
in many applications is fully justified, meaning that
the sensible heat is much lower than the latent heat of
condensation. Therefore, the production of con-
densate is rather small, generating a very thin liquid
film. Typical values for y are of order 7 ~ 10", The
condensed layer thickness is then typically 6 ~ 107°L,
thus the boundary layer approximation can be
applied. The ratio of the thermal conductivities 4,/4,
can reach values of the order of 10°. Therefore, a
typical value of ¢ is & ~ h/L and a/e* ~ L/h. In Section
3 we deduce the governing equations. The thermally
thin wall approximation is then applied and the
asymptotic limits o > 1 and o« « 1 are studied. The
asymptotic limit « > 1 is important for this problem,
because we can obtain a closed form solution for
the condensed layer thickness evolution, which gives
accurate results for values of o of order unity. Regard-
ing the values of S, typical values of S are of order
S ~ 107%/a, which is clearly much lower than unity
for typical values of «. This means that the limiting or
controlling factor for the transient processes is in most
cases the wall heat capacity, not considered in pre-
vious mentioned works [13-15].

an

3. FORMULATION

The nondimensional governing equations for the
plate and the condensed fluid are given by
solid

';2 2
L& l 4 6;” — l Qg“i (18)
oyt et 9zt a0t
condensed fluid
>f o} of Of of oY
on’ * Ja{saran * on oxon  ox an’ {19
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0%
on®

n

0 o0 of b
_ JaPr{Sb; +I8 -7 %}, (20)

where the corresponding symbols are defined in the
Nomenclature. The nondimensional stream function
fis defined by

a9 v _
glla O [Jgd7
v AN

__(7)(’
Y

@n

where # and & correspond to the longitudinal and
transversal velocity components in the physical units.
The initial condition for the plate is 0,.(x, z,0) = 0.
Assuming, for simplicity, the two edges of the plate to
be adiabatic, the boundary conditions at both edges
até given by

a0,

x=0,1

(22)

The other two boundary conditions for the plate
are obtained from equating the heat fluxes at both
lateral surfaces of the plate,

06, 208
LA o 23)
0z ooy & Oy
and
a0 2
Doy o E (24)
0z |.__, o

The initial and boundary conditions needed to
solve the foregoing equations for the condensed layer
are

O, nt=0) =04, f.nt=0=0
B(x,n = 0,7) = 8,(x,7);
. of
JoLn=0,7)=0;— =0 25
f(.n ) anl,_o (25)
al
bGn=AD=0:L o, (26)
a"I n=A

Here A(y,t) represents the unknown non-
dimensional thickness of the condensed layer to be
obtained as part of the solution of the problem. The
second condition of equation (26) arises from the bal-
ance of tangential shear stress at the interface [6]. The
nondimensional global mass balance in the condensed
layer is [15]

oA, or o0
S—+3—=

ot oy —6—71 e 27

where I' corresponds to the nondimensional mass flow
rate of the condensed fluid and is given by

2225

20
Tg.1) = j %dn — /A).

(28)

The system of equations (18)—(20) and (27), with
the corresponding boundary and initial conditions,
contains four partial differential equations with four
unknowns, f(x,1,1), 8(x,#,7), A(y, ) and 0,(x,z, 1)
with six different nondimensional parameters, Ja, 7,
Pr, S, o and ¢. In the following sections we analyse
the case for Ja « 1, with Prandtl numbers of order
unity. S in general can be much lower than unity or
at least of order unity. However, it will be assumed in
the analysis that S<« Ja™', so the quasi-steady
approximation for the condensed film is justified.
Large values of S are included in the analysis in order
to compare with the results obtained in previous
analysis [13].

For small values of Ja, the convective and the tran-
sient terms of the condensed fluid governing equations
(19) and (20) can be neglected, giving the classical
Nusselt’s solution as

A 2
fo) =5 —n’, T =34

and  0,(x,n,1) = (1-mb.(x,z =077). (29)
Therefore equation (27) transforms to
S 0A* 3 0A*
§F+ZE=QW(X,Z=0,T)~ (30)

In the following sections we analyse the cases of
thermally thin and thick wall cases and explore the
limits of very large and very small values of parameter
a.

4. THERMALLY THIN WALL REGIME («/¢* » 1)

For the important case of a thermally thin wall
(a/e? » 1), the temperature variations in the trans-
versal direction of the plate can be neglected, as shown
in Section 2. The energy balance equation (18) can
be integrated in the transversal direction and after
applying the boundary conditions at both faces, we
obtain

o 0. o,
aaxz AT ot ’

(31

with the adiabatic conditions at both edges, equation
(22), and the initial condition 8,(t =0) =0, = 0.
For small Jakob numbers and Prandtl numbers of
order unity, the governing equations now reduce to
the coupled nonlinear system given by equations (30)
and (31). For the thermally thin wall regime, these
equations can be integrated along the longitudinal
coordinate resulting in

A} 32)
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0 1 do, 3
()% @
where ® =, ®(y.7)dy, for any variable and
A; = A(y = 1,7). A;is the normalized thickness of the
condensed fluid at the lower edge and represents the
most important dependent variable to be obtained in
the present work. A, is related to the condensed mass
outflow as indicated by equation (29). Equation (30)
also can be written as

0. dA
(J) =85 —+A{.

A dr (34)

For § =0, the system of equations reduce to a
differential equation for A, with the solution

A g3 ds
=3 j s'ds
0 I—y

14+2A
——3A;—L+ 3tan*'( +/~ f)
2.3 3
In(1 4+ A+ A?
~ln(1—Af)+M—2i#), (35)

which is independent of a. Therefore, o does not have
any influence on the evolution time for S = 0. The
steady state solution, A; = 1, is reached for 7 — 0. In
order to compare the different solutions obtained in
this work, we define the evolution time as the time
needed to obtain 90% of the steady final thickness of
the condensed fluid at the lower edge of the plate.
Thus

0.9 3d§'

~ (0.9553. ..
1—s

T90(S=0) = 3J (36)

0

and

(uo0(S = 0) = A} ~ 0.4929. .. 37

For S = 0, the overall plate temperature increases
very slowly compared with the increase of the con-
densed layer thickness. Figure 2 shows the evolution

1.0 -
8 e
.. A pemem T

0.81 d T

0.6 //’

I/

0.4§II
]

S=0

0.2 3 a0 (afe’>1)

0.0 !

0.0 02 04 06 08 1.0

Fig. 2. Evolution of the nondimensional condensed layer

thickness A; and the averaged plate temperature 0, as a

function of 7 for § = 0, using the thermally thin wall approxi-
mation.
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of A;and B, as a function of the nondimensional time
7 obtained from equation (35).

4.1. Asymptotic limit o —» %0, S -0
This is a regular limit for « and singular for S. For
very large values of the parameter «, the leading term
nondimensional temperature of the plate, 6,, changes
very little (of order of «™') in the longitudinal direc-
tion, as shown in Section 2. Due to the fact that
the evolution of the condensed layer mass outflow is
almost insensitive to the parameter « as shown in the
previous section, we retain only the leading term in o
and explore the influence of the Strouhal number S
on the transient process. From equation (32), we
obtain after neglecting terms of order S
2N\ 34 2
e R
2({)"/4 dr

2
T dr +0(S?),

(38)

where @(7) = 4/30,. From equations (33), (34) and
(38), we obtain

3 do i 1 dA* dA ,
~ 11— 48 R M)

(39)

Assuming a solution of the form
o) = 3 S'(0), A, 1) = ). S'A;(%,7), (40)
=0 =0
and introducing it into equations (39) and (30), we

obtain, after collecting terms of the same power of S,
the following set of equations:

3 de, a4
4de = 1—o; (41)
3 S OA; 3 0AG
T @
%d‘(&z_§ (pf ,L.drgﬁgé—ﬁ (43)
4 dr 444 2004 dt dz

etc., with the following initial conditions

@i(0) = Ai(x.0) = A(0,7) = 0. (44)

The first term at the right hand side of equation
(42) must be retained due to the singular character of
the problem in this limit. The leading term solution in
S has been obtained in the previous section, after
solving equation (41) with the corresponding initial
condition. We need to solve equation (42) in order to
be able to solve the first-order equation (43). The
transient term has to be retained only in a boundary
layer of order S in 7. Defining the appropriate inner

variables as
@y =SB, A} = 2S¢, t=So and y =38 (45)

we obtain the inner equations as
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op  d¢* dp
ip=L 4Rt 46
P =t e e (46)

The system of equations admits a similarity solution
by introducing the similarity variables ¢ = a?/(s) and
s = £/o°, resulting in

Ay 2y—1
s s—29°

with the condition (s — o0) = 1/2. The solution is
clearly ¥ = 1/2, for s > 1. For s — 0, the asymptotic
solution is y ~ \/; In the outer variables, this behav-
iour can be written as A, ~ (4/3)"* (1y)", for 1 — 0,
which is exactly the same as using only the outer
solution. Thus, we can use the leading term solution
to compute Ay, Ay = @, ', resulting in

(47)

Aoiz é¢54

: and Af =i¢)”. (48)

Using this result, the first order equation (43), takes
the form

3 @ 2 1 ,
= e @
This equation must be solved numerically. Expand-
ing Ay in a Taylor series around 0.9 and retaining
only the linear contribution, we can obtain finally that
for A; = 0.9, the nondimensional time up to the first-
order in S'is given by

790 (S) = Too(S = 0) + Sr = 149(S = 0) +0.191485,
(50)

where r = — Ay/(dAg/d7). Figure 3 shows Ag, = 5,
An = 3¢,/(4p{'*) and r as a function of .

4.2. Solution for o — 0

This is a singular limit due to the appearance of two
boundary layers close to both edges in order to satisfy
the adiabatic conditions. Outside of these inner zones,
longitudinal heat conduction through the plate is neg-
ligible and the system of equations, up to the leading

1.0

0.8 by

0.6 1

0.4

Q21&<:f//r////

-0.0] by
—0.2 AR RAAR AR RRAREE SN A RR AR AR LR AL RARES IARARALS BARDARARERRAL
0.0 05 1.0 1.5 20 25 30

Fig. 3. A, Ay and r = — Ay /(dAg/t), as a function of 7 in
the limit S — 0, for the thermally thin wall regime.
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order, transform to the system of two ordinary differ-
ential equations

q
—= 143 — 51
L=l (s1)
e o, 3dp!
g=—35¢ dC + Sp +4 a (52)
where
o A > T P2 Hw T >
p(¢)=~——(x ), q(e)zv(x ) and (=X
T T T°
(53)

The transformed initial conditions are p(0) =
go =(0). For small values of {, the solution of equa-
tions (51) and (52) is

PO =g~ "7 for (-0, (54
which gives the final steady-state solution
A, 1> ) =0, (1, T~ o0) =" (55)

The nondimensional thickness of the condensed
layer at the lower edge (y = 1) is then

1
Alx = 1,7) = fp( > (56)

T3

In order to work with the relevant variables A; and
0. = 0,(x = 1,7), we redefine the variables in the fol-
lowing form :

q

Our = 1/3

Ale%, and =S (57)

Therefore, the governing equations (51) and (52)
transform to

% _ Bwfﬁ A?
do  AwAl—w)’
(58)

b SOu—4)

o A and

with the conditions A{0) = 6,+0) = 1, representing
the final steady state solution. The system of equations
(58) has two solutions for a given value of S. The first
one corresponds to the trivial solution A; = 6, = 1,
which represents the problem steady solution.
However, this solution cannot reproduce the initial
conditions, represented by A; — 0 and 6,,; — 0 for w —
oo0. For a finite non-zero value of S, the trivial solution
is the appropriate one for w < 1. Thus, the steady
state solution is achieved for a finite value of the
nondimensional time 7. For w > 1, the solution bifur-
cates to another branch which reproduces correctly
the initial conditions. This second branch corresponds
to the transient solution. This can be shown using a
local analysis of the trivial solution close to w = 1.
Assuming



2228

Our = 1 +6,(@), A = 1+e(@) and o =1+,
(59
with ¢, &, @ « 1, the system of equations reduces to
de,, dey, &, —4de,
dp = SEv o) gg = 2ea—d (60)

For values of S of order unity, we obtain
de,/d® ~(3/4)Se,,. This shows that the trivial solution
is the appropriate one for @ < 0. For large values of
S, but still S « Ja™!, we obtain that &, =~ &, and

day _ —3

, for S>»1.

do ~ 2~ 61

The solution is then ¢, ~ —@®. For this case we can
obtain a closed form solution for the transient branch
as A;= 0, = l/w, which is clearly valid for w > 1.
Thus, we recover the same result obtained in ref. [13].
Therefore

T
Ar=— or

S Too(S) = 0.98.

(62)
The nondimensional averaged plate temperature is
in this case

— 123 —E S/t s
O,=1 g dl = Pz 0.0’ dw

0 0
T 1/}
-545) ©

or

Buo0 = 0.735975. .., 64

which is very close to the final steady-state value of
3/4. In this case, the plate temperature evolution fol-
lows closely the evolution of the condensed layer
thickness. Figure 4 shows the profiles of A; and 8, as
a function of /S for the limit S — co.

1.0
9

0-8 s 7
i

0.6 %

] P

0.4 g w
] a-+ 0 (a/e’1)
0.2

/8

T TR T I T YT T T LARSRRRERE}

0.4 0.6 0.8 1.0
Fig. 4. Evolution of the nondimensional condensed layer
thickness A; and the averaged plate temperature 6, as a
function of 1 for § — oo, for the thermally thin wall approxi-
mation.
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5. THERMALLY THICK WALL APPROXIMATION
{afe? ~ 1)

For values of «/¢” of order unit and ¢ — 0, the longi-
tudinal heat conduction is already very small and can
be neglected, except in small regions close to the edges
of the plate. Only the outer solution (no longitudinal
heat conduction through the plate) is to be analyzed
in this limit. The energy balance equation for the plate
then reduces to

ou
T ©

where T = at/e? is the appropriate nondimensional
time for the thermally thick wall regime and
@w = af,/e’. Equation (65) has to be solved with the
initial and boundary conditions

(pW(X9 z, 0) = Qw

dou|  _ _ouz=0)
62 z=0 4;
09,
Tz::-,—_l’ (66)

where ¢ = aA/e*. The condensed layer thickness evol-
ution (30) transforms to

(67

where % = o’/e’y. Therefore, the parametric set
reduces in this limit to only one free parameter, the
Strouhal number S. The steady-state solution is

Pt~ 0) =77, (> 0) =7~z (68)

For large values of S, the system of equations is
reduced to that obtained previously in Subsection 4.2.
Thus, they admit the same solution given by

Tgo(S — 0) ~ or Tge(S— 0) ~098S.

(69

However, it should be noted that the physical evol-
ution times for both cases are different.

6. RESULTS AND CONCLUSIONS

For values of « and S of order unity, it is necessary
to solve numerically the governing equations, with the
respective boundary and initial conditions. We will
explore the validity of the thermally thin and thick
wall approximations. The numerical scheme used here
is described in the Appendix. The evolution time in
physical units for the thermally thin wall regime
(2/e* » 1) does not depend on the plate thermal con-
ductivity and is given by
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Fig. 5. Nondimensional evolution time 74 as a function of
S, for the thermally thin wall approximation.

pwCohL (Ja\'"*
tyg = ) <7) T99(S).
I

(70)

Figure 5 shows 14(S) as a function of S for two
limiting values of « in the thermally thin wall regime.
The two asymptotic solutions for §— 0 and S — «©
are also plotted. For S < 0.2, the asymptotic solution
Too(S) ~ 0.9553+0.1914S represents a very good
approximation. On the other hand, the asymptotic
solution 14(S) ~ 0.98, gives accurate results for
S > 10. The evolution time is almost insensitive to the
value of « for values of o such as « > . Figure 6 shows
the nondimensional evolution time 4, as a function of
«, for different values of the parameter S. The selected
value for the plate aspect ratio ¢ is ¢ = 0.1. The solu-
tion for the thermally thin and thick wall approxi-
mations are also plotted. For large values of o, the thin
wall approximation is appropriate, indicating that 7o,
is almost insensitive to «. However, the thermally thick
wall approximation also gives very good results, even
for large values of «. The reason is because our most
important parameter A is almost independent of a. A,

Top

1007 e e L B B "

— 1o symbols: Thermally thin wall approz.
90000 gymbola: Full Laplace ¥
xxxxx gymbols: 7! thick wall approz.

107
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0.0001 0.001 0.01 0.1 f 10 100
Fig. 6. Nondimensional evolution time 4 as a function of «,
for different values of S. The thermally thick and thin wall
approximations are also shown.

2229

is almost independent of a, but not the A profiles along
the plate. However, for values of S of order unity and
a~¢& (t~ 1072, 14 begins to increase, thus indi-
cating that the thermally thin wall approximation is
not valid any more. However, the thermally thick
approximation can be used for any value of « in order
to calculate A;. The discrepancies between the results
obtained for A; using both approximations (thin and
thick wall regimes) disappear as the value of S
increases to values much larger than unity.

In this paper, the transient condensation process of
a saturated vapor in contact with one surface of a thin
vertical plate has been analyzed using asymptotic, as
well as numerical, techniques for small values of the
Jakob number. A uniform prescribed heat flux is
applied at r = 0, at the other vertical surface of the
plate. The finite thermal conductivity of the plate
material allows one to transfer heat by conduction
upstream through the plate, thus changing the math-
ematical character of the problem from parabolic to
elliptic. Assuming the plate to have adiabatic leading
(upper) and trailing (lower) edges, the heat convection
through the lateral surface of the plate, affected by the
axial heat conduction, governs the transient evolution
of the plate temperature, the condensed layer thick-
ness and the overall condensed fluid mass outflow
rate. The two asymptotic limits of thermally thin and
thick wall regimes have been analyzed for this con-
densation process. We also explored the whole range
of the Strouhal number 0 € S « Ja~'. We obtain in
closed form the evolution time for small values of S,
showing the A, is insensitive to the value of o, for the
thermally thin wall regime. However, there is a big
influence of a, for the thermally thick wall regime. For
large values of S, that is without considering the plate
thermal inertia, the solution for the thermally thin and
thick wall regimes give exactly the same asymptotic
results. The wall thermal inertia is found to be the
controlling factor for the transient condensation pro-
cess in most practical cases.
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APPENDIX

The heat diffusion equation (18) is numerically integrated
using central differences for both spatial directions. The tran-
sient term is evaluated using the conventional Euler method.
We used a quasi-linearization technique for the nonlinear
terms in the evolution of the condensed layer thickness equa-
tion (30) in the form

A"~ AT+ A A—A) = nA T A= (n—1) AL
(Al

where the subindex a represents the value obtained in a
previous iteration. Thus the term éA*/dy, is represented as

4
0 aa® i
oy, o,

By _ 12A; o, , (A2)
oy lir e
where the spatial derivatives are discretized using central
differences, while the transient derivatives use the Euler
method. A few iterations are needed to obtain a high accu-
racy for the results. For the numerical calculations we used
a grid size of 21 points in the transversal direction z, and 71
points in the longitudinal direction, 3. The computations
were done with the Cray-YMP computer at UNAM in Mex-
ico City, using the Linpack routines.



